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ABSTRACT

The theory of resonant interactions between continental shelf waves developed by Hsieh and Mysak to explain
aspects of the shelf wave spectra observed on the Oregon shelf by Cutchin and Smith and Huyer et al. is extended
to include the effect of bottom friction and alongshore topographic variation. The model equations are derived
via a multiple-scale asymptotic expansion in which it is assumed that the alongshore topography varies over a
length scale over which the nonlinear interactions make an order-one contribution to the dynamics. It is shown
that alongshore topographic variability leads to a wavenumber mismatch in the wave resonance conditions. It
is possible to identify a purely linear and nonlinear component to the wavenumber mismatch. The linear
component can be identified simply as the topographic modulation in a WKB sense of the alongshore wavenumber.
The nonlinear component of the wavenumber mismatch is a cumulative effect associated with the dynamic
interactions between the waves occurring over regions of alongshore topographic variability. It is shown that
even after a triad of initially maximally interacting shelf waves has traversed a topographic anomaly of finite
alongshore extent, the energy exchange remains permanently suppressed and does not recover to its pretopographic
efficiency. For some specialized alongshore topographic variations, the interaction equations can be solved
exactly. An illustrative solution is presented for an isolated topographic feature superimposed on an Adams—
Buchwald exponential shelf profile. Numerical solutions are presented for the purely dissipative wave interaction
problem. For realistic values of the bottom friction parameter it is possible to almost completely damp out any
interaction. It is suggested that the geographically localized nature of observed interacting shelf waves may in
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part be due to alongshore topographic detuning of the resonance conditions or strong frictional effects.

1. Introduction

Motivated by the appearance of three distinct
peaks in the coherence spectra of sea level observed
on the Oregon shelf by Cutchin and Smith (1973),
Hsieh and Mysak (1980) developed a model for the
resonant interaction of continental shelf waves. It is
well known that wave~-wave interactions can occur
in dispersive wave systems provided the dispersion
relationship admits certain resonance conditions.
Hsieh and Mysak showed that an exponential profile
model for the Oregon shelf allowed for the resonant
interaction of a triad of shelf waves. In particular, it
could be shown that the shelf wave spectra observed
by Cutchin and Smith, and as well as by Huyer et
al. (1975), satisfied the derived resonance conditions.
Hsieh and Mysak suggested that the Oregon spectra
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corresponded to the resonant interaction of a large-
scale atmospherically forced shelf wave with two
smaller-scale shelf waves.

This was an important and interesting conclusion if
for no other reason than the fact that if it is true, the
Cutchin and Smith spectra are one of the very few in
situ oceanographic observations of large-scale nonlin-
early interacting waves. In some respects this conclu-
sion is surprising because of the delicate nature of the
required resonance conditions on the frequencies and
wavenumbers for interaction. Since the dispersion re-
lationship for freely propagating shelf waves is deter-
mined by the shelf profile and this profile varies along
the coast it is reasonable to conclude, that as a reso-
nantly interacting packet of continental shelf waves
propagates along a shelf, topographically induced phase
modulation will lead to a violation of the resonance
conditions and consequently a cessation of wave-wave
energy exchange. A variety of external forces can be
responsible for the modulation of the energy exchange
such as topographic irregularities, bottom friction,
density stratification and atmospheric forcing. The
principal purpose of this paper is to extend the Hsieh
and Mysak wave-wave interaction model to include
alongshore topographic variations and bottom friction
and to describe the role these forces play in modulating
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the energy exchange in a trio of interacting continental
shelf waves.

The wave—wave interaction equations will be derived
using the multiple-scale asymptotic expansion proce-
dure introduced by Hsieh and Mysak.appropriately
modified to take into account alongshore topographic
variability and bottom friction. Implicit in the model
we derive is that the alongshore topographic variability
will correspond to small but finite amplitude irregu-
larities that vary over the same length scale for which
the nonlinear terms make an order-one contribution
to the dynamics. In addition, it will be assumed that
bottom friction makes a significant contribution to the
dynamics over the same length scale. These approxi-
mations will unfortunately reduce the general appli-
cability of the model but are necessary if, to leading
order, the solutions to the governing equations are to
correspond to undamped, freely propagating conti-
nental shelf waves that are not being continuously and
rapidly scattered and damped as the energy propagates
along the coast.

The interaction equations will be identical to those
presented in Hsieh and Mysak except for two additional
terms in each amplitude evolution equation corre-
sponding to the effects alongshore topographic varia-
tion and bottom friction. We will show that, roughly
speaking, it is possible to identify a linear phase and
amplitude modulation and an inherently nonlinear
phase and amplitude modulation associated with these
external forcings. The linear response is exactly what
one would expect in that the alongshore topographic
variability induces a slowly varying modulation of the
alongshore wavenumbers in the fast phases associated
with each wave packet.

The linear response associated with the damping is
also exactly what one would expect in that friction acts
to induce a slow exponential decay in each of the wave
amplitudes. The nonlinearity in the interaction equa-
tions acts to accelerate the decay process. It turns out
that the friction coefficients in the nonlinear interaction
equations have an inverse dependence on the packet
phase speeds. This in turn will imply that short shelf
waves will damp out at a faster rate than comparatively
longer shelf waves. This fact may be important in the
evolution of the triad observed on the Oregon shelf
because this ensemble of waves corresponded to the
interaction of one long shelf wave with two short shelf
waves. Depending on the actual value of the local bot-
tom friction parameter, the decay time scale of the ob-
served triad could range from 0.5 days to 16.4 days.
The decay time scale of 0.5 days is far too fast to allow
for any substantial energy exchange between the waves,
which based on our calculations is about 9 days. The
slower decay time scale of about 16.4 days does allow
for about two complete cycles of energy exchange.
These points are illustrated with a numerical solution
of the frictional interaction equations.
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The nonlinear response associated with the variable
orography is, however, somewhat qualitatively differ-
ent. To make our description concrete consider the
situation in which no friction is present and an oro-
graphic irregularity occurs only over a finite alongshore
distance. In the linear situation (for which no energy
exchange is occurring), there will be a phase modu-
lation of each wave packet only over the region of
alongshore topographic variability. Thus, once the wave
packets have traversed the region of topographic vari-
ability (in the sense of following the group velocities),
the linear theory would necessarily predict that the
spectral characteristics of each wave packet (i.e., the
frequencies and wavenumbers) would be identical to
those observed prior to encountering the finite region
of topographic variability. Consequently, the linear
theory would suggest that if a group of continental shelf
waves encountered a region of finite alongshore to-
pographic variability, the underlying phases would be
modulated only over this region, and in the “down-
stream” (in the sense of the group velocity) region the
spectral characteristics of the wave group would be
identical to the “upstream” phases. We will show,
however, that the nonlinear interactions between the
waves over a region of alongshore topographic vari-
ability will induce a permanent phase modulation in
each wave that will result in a permanent reduction in
the efficiency of the energy exchange cycle between the
waves. Consequently, if a-group of maximally inter-
acting continental shelf waves encounters a region of
topographic variability, the nonlinear interactions over
this region will induce a permanent phase shift in the
waves, so that even in the downstream region the wave
resonance conditions are detuned to the degree that
the energy exchange is permanently suppressed but not
necessarily completely eliminated. The degree of
suppression is a function of the amplitude of the to-
pographic irregularity and the underlying spectral
characteristics of the individual wave packets. These
points are illustrated with an exact solution that we
can obtain to the inviscid, topographically forced in-
teraction equations for a “top hat” orographic anomaly.

The plan of this paper is as follows. In section 2 the
perturbed wave-wave interaction equations are de-
rived. In section 3 we discuss the conservation of energy
associated with the interaction equations. In section 4
the various parameters needed in the model are com-
puted using the shelf model introduced by Hsieh and
Mysak (1980). In section 5 we present our solutions
to the dissipative and topographically forced interaction
equations and discuss the implications for shelf wave
interactions. Section 6 summarizes the paper and
points out some shortcomings in our model and further
issues that need to be resolved.

2. Derivation of the governing equations

Hsieh and Mysak (1980) derived the unforced triad
equations using the method of multiple scales. Since
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this method is well known, and since our method of
derivation will closely follow that given by Hsieh and
Mysak (except to point out explicitly the modifications
brought about by including bottom friction and also
alongshore topographic variation), our presentation
will be relatively brief. To focus directly on the effects
of alongshore topographic variation and bottom fric-
tion on the nonlinear wave-wave interactions, we will
work with the shallow-water equations on an f plane
with Rayleigh bottom friction.

The nondimensional nonlinear barotropic long-wave
equations for a rigid-lid rotating system with Rayleigh
bottom friction are

U+ e(uu, + vu,) —v=—n—eru, (2.1)
v, +e(uv,+oo)tu=—n—ev, (22)
(hu)x + (hv), =0, (2.3)

where ¢ is time, x and y are, respectively, the offshore
and alongshore coordinates; (u, v) are the horizontal
velocity components in the (x, y) direction, respec-
tively, n the sea surface displacement from equilib-
rium (or equivalently the dynamic pressure), and A
the water depth. The reader is referred to Hsieh and
Mysak (1980) for a complete discussion of the scal-
ings assumed. The dimensionless parameters ap-
pearing in (2.1) and (2.2) are the Rossby number
given by

e=U/(LS), (2.4)

where U, L, and fare the horizontal velocity scale,
horizontal length scale, and constant Coriolis pa-
rameter, respectively, and the bottom friction pa-
rameter

r=Lr /U, (2.5)

where 7 is the dimensional e-folding time associated
with the Rayleigh drag.

Hsieh and Mysak (1980) estimated that the Rossby
number, which plays the role of a nondimensional am-
plitude parameter in (2.1) and (2.2) has magnitude
approximately given by ¢ ~ 1072 associated with the
Oregon data. The nondivergence approximation used
in the continuity equation (2.3 ) will filter out the Poin-
caré and Kelvin wave modes in the model focusing
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FIiG. 1. Geometry of the shallow-water model used in this paper.

attention on the relatively lower frequency continental
shelf wave solutions. There is a degree of variability in
estimating the magnitude of the nondimensional
damping coefficient r in (2.1) and (2.2). Assuming
Ekman layer dynamics, it follows that r can be esti-
mated from 7 ~ Hy/(2A4,f)'/?, where Hy is the mean
depth of the shelf and A, is a representative vertical
turbulent eddy viscosity. Assuming typical values
(Hsieh and Mysak 1980) of L =~ 100 km, Hy ~ 200
m, U~ 10cm s~ and f~ 107 s~ leads to a range
of values for r of approximately 0.7 to 25.0 corre-
sponding to a range of values of 4, of 103 cm?s™! to
1 cm? s~! (Pedlosky 1987, Section 4.2). In what follows
we formally assume 0 < ¢ < 1 and r =~ O(1) corre-
sponding to weakly nonlinear and dissipative
dynamics.
The vorticity equation for (2.1) and (2.2) is given
by
(u, — vy), + e[(uv, + uv,)y, — (uv, + vv,),]
—(vy + uy) = —er(u, —vy). (2.6)

Introduction of the transport streamfunction ¢ defined
by

hy, 3hh
h[‘//xxt + ¢ny] - hx[\bxt - lAbx] - hy[wyt + ¢] + c{r(h"//xx + hlpyy h hx‘bx B hy‘kv) * (_Z - y)‘p’zf

+(3(hi—h;2;)_(hxx+hyy))¢ _(@_M
xVy

h? h h

hy 3h, 24,
+ _E wx‘//xy - _h_ ‘//y'ﬁbxx + T ‘px\bxx + \by‘pxyy - ‘Px'ﬁyyy - ¢x¢yxx + tpy‘»bxxx} = 0’

hu =y, ho=—y, (2.7)
into (2.6) leads to, after a little algebra,
h h?
2h 3h h
h2 )‘l/.‘% - Ty ‘pyll/,v)’ + _h.l’ ¢x‘//yy - _;,V "Py‘pxy
(2.8)
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to which we impose the usual boundary conditions for
continental shelf waves: namely, that the waves be
trapped near the coast, ¥ — 0 as x = oo, and the
condition of no mass flux through the coast, hu = 0 at
x = 0, which translates to ¢, = 0 at x = 0 on account
of (2.7).

The presence of the O(e) nonlinear and dissipation
terms in (2.8) will lead to a modulation of the leading-
order continental shelf wave solutions over an O(¢™!)
time and length scale. Accordingly, we introduce the
slow space and time variables

Y=¢y

T=et|
Consequently, (y, t) derivatives in (2.8) will be re-
written

(2.9)

39, = 0, + ¢d
y % ”} (2.10)

3, —> 8, + edr|

We shall assume the shelf profile can be expressed in
the form '

h(x,y, Y)= ho(x)+ eh(x,Y). (2.11)

The term Ao(x) in (2.11) corresponds to a cross-shelf
depth profile that is uniform in the alongshore direc-
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tion. The term ¢h,(x, Y) in (2.11) will correspond to
a small-but-finite amplitude variation in the shelf pro-
file. The dependence of /,(x, Y) on the slow space
variable Y implies that the alongshore variation occurs
over the same long space scale as the nonlinear energy
exchanges. This representation for 2(x, y, Y') is forced
on us if we wish to examine a dynamical balance be-
tween orographic forcing and the wave-wave interac-
tions.

With the introduction of the above variables and
shelf profile a uniformly valid asymptotic solution to
(2.8) can be obtained in the form

wx, y, )~y Ox,p, Y, 1, T)

+ ey D(x,y,Y,t, T)+O(e2). (2.12)

Substitution of (2.9) through to (2.15) into (2.8)
yields the O(1) and O(e) problems given by

ho(¥R + i) + ho(¥i” — ) = 0,
VO >0 as x— oo,
YO =0 at x=0,

O(1):

(2.13a, b, ¢)

and

( holyiad + i1 + Aol — 501 = r(hod R + hod i) — hoy V) — hol 5 + ¥ 0k + 24§91

et - 901+ [ - () e+ 300 - S uo v - ymy 4 i
O(e): § 20!
VR = PR+ O — i) — 8 -l — v,
0

0
Ly >0 as x>0, Y¥Y +¢i=0

where for convenience prime denotes d/dx.

The O(1) equations, being linear and not in-
cluding any topographic forcing or any damping,
permit a solution consisting of the superposition of
three freely propagating continental shelf waves in
the form

3
YO =3 4(Y, T)¢(x) exp(i6) + c.c., (2.15)

j=1

where the amplitudes 4;(Y, T) are slowly varying
functions of alongshore position and time, the fast
phases are §; = k;y — w;t, i = —1 and c.c. denotes

at x=0,
(2.14a, b, ¢)

complex conjugate. Substitution of (2.15) into (2.13)
leads to the Sturm-Liouville problem

B el PP O o) B Y 1 A D
(ho ¢})+ hO d)] (l’l% d)} 0

¢

¢(x)—>0 as x—>

#(0)=0
(2.16a, b, )

where the reciprocal of the phase speed ¢;' = kj/w; is
the eigenvalue.

Substitution of (2.15) into (2.14a) allows the O(e)
problem to be expressed in the form
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holy s + ¥ + holys" — v’

-3 (Hh

Jj=1

2hy
ho

3
+ iwjhy ¢))4; ) exp(if)) + 2 Z [

=1 m=1
ho ., ,
ho ¢1¢m

where (2.16) has been used and where the asterisk de-
notes complex conjugation.

The required wave-wave interaction equations are
obtained by exploiting certain solvability conditions
associated with (2.17). We begin by observing that the
frequencies and wavenumbers on the left-hand side
must match those on the right-hand side. Thus the
contribution of the particular solution to ¢ (!’ must be
of the form

YW =3 ALY, T)dox)exp(if,) + cc. (2.18)

We shall assume that the three waves in (2.15) from
a resonant triad satisfying the well-known resonance
conditions (without loss of generality)

k1+k2+k3=0
0 .

(2.19a, b)
wtw+ws=

Hsieh and Mysak (1980) have shown that for a Buch-
wald and Adams (1968) and Adams and Buchwald
(1969) exponential shelf profile, the Sturm-Liouville
problem (2.16) admits dispersion relationships for
which such resonant triads can in fact exist. In Fig. 2
we show the triad used by Hsieh and Mysak to model
the Cutchin and Smith spectra. Under the resonance
conditions (2.19), it follows that the fast phase in the
explicitly written out quadratic interaction term in
(2.17) has the form 6, = §; + 6,,, where p is an integer
from the set {1, 2, 3} different from / and m. Thus,
the phase 6, in (2.18) must necessarily be of the form

{6, ={6;1j=1,2,3}U{6,%=6,|!
=1,2,3andm=1,2,3}. (2.20)

Substituting (2.18) into the left-hand side of (2.17)
we find that for each j, ¢ j M must satisfy an inhomo-
geneous equation of the form

(o) e - L ()= o

where f; denotes the forcing at frequency w; and wave-
number k; from the right-hand side of (2.17). The
Fredholm alternate theorem from Sturm-Liouville
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hod; = i + ihes] = ik, &,

hy hy\? 3h!
k}didm + (— 3( ) + kP - k%n)qswm +== 0/ bm

ho ho hO

- ¢/”¢m][ikmA1Am exp(i0; + ib,,) — ik A A% exp(i0; — iam)] +cc., (2.17)

theory (see, e.g., Boyce and Diprima 1969, p. 506)
states that the inhomogeneous problem (2.21) has a
solution ¢§-” only if the forcing term f; is orthogonal
to the homogeneous solutions ¢;; that is,

J:O Sioidx =0, (2.22)

for each j = 1, 2, 3. Consequently, the solvability con-
dition (2.22) requires that

(87 + o, 0y) Ay = ~iK AT AT — ri Ay — ip (V) Ay,

(07 + ¢, 0y)A2 = —iK, A3 AT — rads — iup(Y) Ay,

(Or + ¢4, 9y) A3 = —iK3 AT AT — r3As — ipy(Y)As,
(2.23a,b,¢)

corresponding toj = 1, 2, 3, respectively, in (2.22) and
where we have normalized the ¢; so that

-0.05
-0.10
-0.15
-0.20
-0.25
-0.30

-0.35

Frequency (o)

-0.40

-0.45

-0.50

-0.55 1 1 ) 1 1 1 1 L 1
0 3 4 5 6 7 8 9 10

Wave number (k)

FIG. 2. The resonant triad used by Hsich and Mysak (1980) to
model the Cutchin and Smith shelf wave spectra. The curves labeled
I II, IIL, and IV correspond to the four lowest modes associated with
the Buchwald—~Adams shelf profile used by Hsieh and Mysak.
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“ho 4. _
| J; 12 ¢7dx =1, (2.24)
foreachj =1, 2, 3 and where
K= ¢( Kjim + Kjm1), (2.25)
is the interaction coefficient where
* k —3h6 ! 1 ! ”
1<j1mEJ; Z%[ 7o $id1bm + 200! dm
2ho . , 2 2 :
- —}; kl ¢j¢1¢m + (kl - km)¢’j¢l¢m dx, (2~26)
and where
Cg = Cj(l + ‘chjka)z (227)
is the group velocity with
® ]
v=| el (2.28)
0
and the friction parameters given by
r=—_, (2.29)
]

and where

00 h A
0 0 5

Ms 93— M2 g1, (230)
0 0

is the topography coefficient. For complete details of
the derivation see Primeau (1992).

For our subsequent discussion it will be convenient
to recast the interaction equations into “standard”
form. To this end we define the new amplitude func-
tions o;(Y, T) given by

+h

oY, T) = A(Y, T) expl—ia{(¥)/cyl,

where

(2.31)

eY
o= [ wias,

forj =1, 2, 3. Substitution of (2.31) into (2.23) yields
the interaction equations in the form

(2.32)

(87 + ¢g,0y)an = —iK a3 & exp[—ioo(Y)] — neu,

(37 + Cudy)ay = —iKray o} exp[—ioo(Y)] — ras,

I

(37 + ¢,dy)as = —iKsaf & exp[—iog(Y)] — ras,
(2.33a,b,¢)

where

oY), a¥) , o(¥)

oo(Y) =
& Ce, 2

(2.34)
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It is now possible to. heuristically see the “linear”
and “nonlinear” influence the alongshore variation in
the shelf profile will have on the waves. The additional
phase factored out in (2.31) corresponds to an O(¢)
slowly varying correction to the alongshelf wavenumber
given by d,[ —aj(Y)/cg] = —en(Y)/ g This response
is entirely linear. The nonlinear response on the indi-
vidual packet amplitudes will be determined by the
solutions to (2.33). Notice how the topographic in-
homogeneities in (2.33) can be interpreted as taking
the form of a spatially varying interaction coefficient.
As the interacting wave packets enter regions where
ao(Y) # 0, the spatial dependence of the interaction
coeflicient will lead to a loss of efficiency of the energy
exchange. This effect will lead to both an amplitude
and phase modulation that can be identified as purely
nonlinear on account of the fact that the linearized
form of (2.33) has no topographic inhomogeneities at
all. Another point to bring out is that because the spatial
dependence in each of the interaction coefficients is
identical in (2.33a,b,c), it will be possible to obtain
exact topographically forced solutions for some special
cases. These are discussed in section 5. Finally, we re-
mark that a similar transformation to (2.31) can be
introduced in order to factor out the linearized expo-
nential decay associated with the friction and to intro-
duce an interaction coefficient that will depend on the
slow time. However, no further analytical progress can
be made with that set of equations since the dependence
of the interaction coefficients on the slow time will not
be identical in each wave packet and thus it is simply
more convenient for our subsequent discussion to work
with either (2.23) or (2.33). :

3. Conservation of energy

Hsieh and Mysak presented an argument for show-
ing that the wave-wave interactions conserved energy
in the absence of topographic forcing and dissipation.
We now show that inviscid limit of our interaction
equations also possess this property. Of course this is
to be expected since the topographic variability should
be considered as a conservative force. The argument
we present here is somewhat different than that de-
scribed by Hsieh and Mysak in that we proceed axi-
omatically from a phase-averaged conservation law
approach.

The vorticity equation (2.8) in the inviscid limit can
be rewritten in the form

1 € 1 1
7)) e i () oo o

where J(A4, B) = A, B, — A,B,. The energy equation
is obtained by multiplying (3.1) by ¥ and rearranging
terms to yield
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—Vy-VyYi +V:[-=V
AR AL
+exvoSv(ive)-Hl=0 32
é PRV Rl 7%
The energy equation can be expressed as a conservation
law (Pedlosky 1979, section 3.27) in the form
E,+V-F=0, (3.3)
with

1
E—-z-il-Vy%Vv,(/, (3.4)

__¥ 5 eofl _1
F= hw,+e3><vw(hv(hv¢) h),(3.5)

as the energy density and flux, respectively. When the
perturbation expansion (2.9) through (2.12) is substi-
tuted into (3.3), an expression of the form

(E@Q+FO+ FO))+ (EP + EM
+ P+ Py + Fi))+ --- =0, (3.6)

is obtained. The leading-order energy density and en-
ergy flux components are given by

EO = ﬁwm.ww), (3.7)
0
(0) ,1,(0) (0),1,(0)
Fﬁo) _ ¥y h‘f — 4 h:’)[/x’ , (3.8)
(0) 4, (0) (0),4,(0)
FO = — ¥x hf _¥ h‘:y’ . (3.9)

We now introduce the averaging operator

1 [+3) 27 27 27
<(*)> _2—2_1:)'3'1; J; J; b (*)d01d02d03dx,
‘ (3.10)

where §; = k;y — w;t, j = 1, 2, 3 are the phase variables.
Note that, if {(*)) operates on a function that is pe-
riodic with period 27 in any of the phase variables, the
average will vanish. If the averaging operator is applied
to (3.6) it follows to O(e¢) that

(EOYr+ (F)y =0, (3.11)

This expression will be the appropriate energy conser-
vation law that the interacting shelf waves need to sat-
isfy. Note that all the other O(1) and O(¢) terms in
the averaged (3.6) will be identically zero because of
the following reasons: (E{”) = (F5 ) = 0 because
of the periodicity of the O(1) solutions; (F §0,2>
= (F f?} = 0 on account of the boundary condi-
tions at x = 0 and x = co. It also follows that ( E{")
= (F é'y)> = 0 because of the periodicity of the O(1)
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and O(e¢) solutions provided the latter are solely de-
termined by the particular solutions to (2.17), that is,
we do not allow any freely propagating shelf wave so-
lutions to the O(e) problem. Finally, we note that dif-
ferentiation with respect to the slow variables com-
mutes with the averaging operator since the integration
limits are independent of these arguments. Substitution
of the O( 1) solution given by (2.15) into (3.7), (3.8),
and (3.9) yields, after a little algebra:

E© = hi(qs'f + kioh)| 4,12
0

1 1
+h—(¢'22+k%¢%)|Az|2+h—(¢s’+k%¢§)|A3|2
0 0
+ {terms that will average to zero}, (3.12)
o _ 1 2, 2,
F, '—'h—o(2|A1| d1¢1 + 2| 42|%02¢2

+ 2| A3|%¢5 03 — 2kiw, |4, %03
— 2kowy | A2 1703 — 2ksws | A3]%$3)

+ {terms that will phase average to zero}.

(3.13)
If (3.12) is averaged, it follows that
(EOY = [ a7 ? + koD
+ [ 4217 (07 + k303)
+ | A:12(97 + ki¢D)ldx. (3.14)

Integrating the hg'¢/?,j = 1, 2, 3 terms in (3.14) by
parts, exploiting (2.16) and the normalization condi-
tion (2.24), we obtain

1 1 1
EOy === 14,|> - = | 4> — = | 4:]2, (3.15
(EO) ==~ 14112 =~ 14> = | 4%, (3.15)

which is identical to the result presented in Hsieh and
Mysak. Similar arguments show

0 < C C,
(F7) = = 2 [ 4)]? = 2 | 4] = 2 | 452,
C (&) C3

(3.16)

which is also the result presented in Hsich and Mysak.
Thus, the three waves interaction equations will con-
serve energy provided that

[ Ai]?/c + | 4217 /e + |A5]?/eslr + [ | A1) P e
+ | A2l 2 + ¢ | A3]% /31y = 0 (3.17)

holds.
To show that energy is in fact conserved in the in-

viscid, topographically forced interaction equations, we
go back to the form (2.23)






